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The Pressure Dependence of Solid Boron
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(Received January 2004; In final form August 2004)

We study the stability of icosahedron-based solid boron
called a- and b-boron by first principles calculations. It is
found that a-boron is the most stable phase at zero
temperature. The actual structure of b-boron has
disorders in the atomic arrangement. This affects slightly
and decreases the total energy of b-boron, but does not
change the above conclusion. The effect of this disorder,
however, gives stability of b-boron at finite temperatures
through the entropy term. On applying pressure, the
stability of a-boron is increased. Under hydrostatic pres-
sures, the deformation of icosahedra of b-boron exhibits
differently from both of a-boron and boron carbide.

Keywords: b-rhombohedral boron; Deformation of icosahedra;
First-principles calculations; Disorder modifications

PACS numbers: 62.50.þp; 63.20.2e; 63.20. Ry; 65.40.2b

INTRODUCTION

Since the discovery of superconductivity in solid boron
under high pressures [1], there have been many
theoretical [2–5] and experimental reports [6,7] for
solid boron and its compounds. Solid boron has two
major phases under room temperature and zero
pressure, which are called a-boron [8] and b-boron
[9,10]. It is believed that the most stable structure is
a-boron and metastable one is b-boron, but the details
of the stability are seldom understood. The study of
solid boron has been, so far, limited to a more simple
form, a-boron (12 atoms in a cell), because the crystal
structure of b-boron is huge (105 atoms in a cell) and
complicated. Furthermore, it includes atomic sites
with partial occupancy. We studied the stability and its
structure of b-boron under pressure by first-principles
calculations, by taking into account the partial
occupation of b-boron, and comparing the pressure
dependence of the crystal structure of b-boron with
those of a-boron [11] and boron carbide [12].

The crystal structure of solid boron is based on the
icosahedral clusters which consist of twelve boron
atoms. Figure 1 shows the crystal structure of
b-boron. Near the center of a unit cell, there are
three icosahedra sharing five boron atoms each other
(triple B12). There are sixteen equivalent atomic
positions, which are characterized by symmetry
operations, in the unit cell of b-boron. The site B(13)
and B(16) are only partially occupied, whose atomic
occupancies are 73.4% for B(13) and 26.6% for B(16)
sites [9,10]. These sites are indicated by enclosing by
boxes in the figure.

In a-boron, there exists an icosahedron at each
vertex of the unit cell. Boron carbide has the same
structure as a-boron except a C–B–C chain along the
main diagonal of the unit cell. The (triple B12) ;
B ; (triple B12) chain of b-boron can be regarded as a
variant of the C–B–C chain of boron carbide. There
are some reports on pressure dependence of the
crystal structure for a-boron, b-boron and boron
carbide. One of the authors (K.S.) [11,12] found that
the unit cell of a-boron was more stiff in the z-
direction than in the xy-plane, whereas the icosahe-
dra were more compressed in the z-direction and
were more elongated in the xy-plane under pressure.

Interestingly, the elastic deformation of boron
carbide under pressure is completely opposite to
these response of a-boron, even though the most stiff
C–B–C chain is inserted along the z-direction. This
difference is understood by the subtle difference in
the geometry of the crystal structures.

In b-boron, Ma et al. [13] observed that the
a direction on the hexagonal system was less
compressible than in the c direction. From this
observation, they conclude that the B10–B–B10 chain
was less rigid than the icosahedral clusters.
Sanz et al. [14] observed a pressure-induced
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amorphization at about 100 GPa, and found that
b-boron is stable up to 100 GPa.

STABILITY UNDER NORMAL CONDITIONS

The calculations were performed by a code of the
ab-initio pseudopotential method with the local
density approximation along with an iterative
energy-minimization scheme utilizing Hellman–
Feynman forces [15]. The used code is our
“OSAKA2002-nano”. Stresses are calculated by a
method of Refs. [16,17]. To optimize the crystal
structure, the atomic positions and the cell para-
meters are fully relaxed by using Hellman–Feyman
forces and stresses. Here, Troullier–Martins type
pseudopotentials [18] are used. The electronic wave
functions are expanded by a plane–wave basis set.
Monkhorst–Pack’s method [19] is used for k-point
sampling.

Because a crystal parameter a for b-boron is twice
of that of a-boron, one division in the reciprocal
lattice space of b-boron amounts to twice division
of a-boron. In the following, we compare the total

energy by keeping this equivalent sampling in mind.
In the case of Ecut ¼ 40 Ry, we obtain EtotðbÞ2

EtotðaÞ ¼ 0:00333 when the number of divisions is
ðb;aÞ ¼ ð1; 2Þ and EtotðbÞ2 EtotðaÞ ¼ 0:00400 when
the number of divisions is ðb;aÞ ¼ ð2; 4Þ: And so, the
energy difference in relation to k-sampling points is
105.7 K in temperature conversion.

To evaluate convergence for the Cutoff energy for
the plane–wave expansion, we calculated the total
energy by changing Ecut from 20 up to 50 Ry. Figure 2
shows the Cutoff energy dependence of the total
energy per atom. The energy difference is almost
constant within the entire region. The Cutoff energy
of 40 Ry is required, if we need the accuracy of the
order of meV. From the figure, it is clear that a-boron
is more stable than b-boron by 26.7 mRy/atom.
When we optimized a unit cell for both structures at
Ecut ¼ 40 Ry; the calculation results of lattice para-
meters were 21.5% of the experimental value, which
is a typical LDA error. Therefore, we used 40 Ry as
the Cutoff energy in this study.

In order to understand why a-boron is more
stable than b-boron, we decompose the total energy
Etot into the electronic part Eel and the ionic part
Eion, which are listed in Table I. In the electronic
part, Eel of a-boron is lower than that of b-boron.
Because b-boron has a larger coordination number
than a-boron, many coordinations make solid boron
stable. But, in the ionic part, Eion of b-boron is lower
than that of a-boron. Because ionic electrostatic
potential increases when the coordination number
increases. The energy gain in Eel and the energy loss

FIGURE 1 The crystal structure of b-boron. The black spheres
and big circles denote boron atom and B12 icosahedron,
respectively. The sites enclosed with a box denote the partial
occupancy sites, whose atomic occupancies are 73.4% for B(13) and
26.6% for B(16).

FIGURE 2 Cutoff energy dependence of total energy for a- and
b-boron without relaxation of cell and atoms. In the reciprocal
lattice space, One or twice division for b- or a-boron is used,
respectively.

TABLE I Comparison of the total and its components of a and
b-boron. The energy difference DEis evaluated by the energy of
a-boron as the origin. The energy unit is Ry/atom

Eel Eion Etot

a-boron 0.57656 26.28304 25.70649
b-boron 20.02643 25.66184 25.70382
DE 20.60299 0.60566 0.00267
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in Eion between a- and b-boron were almost
cancelled out, but only small imbalance leads to
the stability of a-relative b-boron.

In the previous discussion, it is concluded that
a-boron is more stable than b-boron in the perfectly
ordered phase. But, there are experimental orders in
b-boron which have partial atomic occupancies, this
might make the energy of b-boron lower than that of
a-boron.

Sekitatsu et al. [20] investigated this possibility at
first by the full potential linear combination of atomic
orbital method. There exist six B(16)’s if the vacancy
site B(13) is fixed, and so they are classified into four
kinds of atomic sites by the crystal symmetry. They
calculated total energy of one type of this disorder
among four kinds of atomic sites. Here, the number
of 105 atoms per cell does not change. In this
theoretical case, atomic occupancies are 83.3% for
B(13) and 16.7% for B(16), thus the space group of
this structure becomes P1. We call the structure with
the space group P1 ðR�3mÞ a disorder (high
symmetry) modification. They reported a disorder
modification was more stable than the high
symmetry one.

We calculated the total energy in terms of four
kinds of modifications. As shown in Table II, it is
seen that all the disorder modifications are more
stable than the high symmetry b-boron by about
0.34 mRy/atom But a-boron is still more stable than
the disorder b-boron by about 2.33 mRy/atom.
Therefore, the stable phase does not change from
a-boron to another phase at the zero temperature.

However, the effect of disorder is not limited to the
total energy, but it could effect the free energy at finite
temperature. To discuss the stability under finite
temperature, we introduce Helmholtz free energy.
The difference between a- and b-boron is given by

DFðTÞ ¼ 2kBT log
X4

i¼1

wie
DEi=kBT

 !
;

DEi ¼ Ei 2 Ea;

ð1Þ

where kB and T are Boltzmann constant and
temperature, respectively. DEi is total energy diffe-
rence of the i-th disorder phase with respect to that of
a-boron Ea. Figure 3 shows the free energy variation

as a function of T. The positive free energy means
a-boron is more stable thanb-boron, and vice versa. It
is of course that a-boron is stable one at the zero
temperature. With increasing temperature, the free
energy decreases by the contribution of entropy. At
200 K, b-boron is more stable than a-boron. Experi-
mentally the transformation temperature 1400 K [21],
and hence, the present estimation the calculation
200 K is too low. Taking phonon Effects into account,
we may obtain the calculated transformation tem-
perature in good agreement with experiment.

UNDER PRESSURES

In the previous section, it is found that a-boron is
more stable than b-boron under low temperatures
and the zero pressure. In this section, we consider the
elastic properties of boron.

Stable Structure Under Pressures

To see which of a- and b-boron was more stable
under pressure, we examined the pressure depen-
dence of the crystal structure of a- and b-boron. By
calculating variations of the total energy as a
function of pressure, we can obtain the bulk modulus
B and enthalpy H( p). We obtained in this way that
B ¼ 236:3 GPa for a-boron and B ¼ 204:6 GPa for b-
boron, where experimental values were 213 GPa [22]
for a-boron and 210 GPa [23] (201 GPa [13]) for b-
boron. We can see from the bulk modulus that a-
boron is more stiff than b-boron. It is consistent with
the fact that a-boron is more stable than b-boron
under normal conditions.

Enthalpy is given by

HðpÞ ¼ EtotðpÞ þ pVðpÞ; ð2Þ

where p is a given pressure. The total energy E( p) is
what we obtain for calculating the total energy in the
electronic structure calculation, but in this time

FIGURE 3 The difference of Helmholtz free energy which is
obtained by taking the free energy of a-boron as the reference. The
positive free energy means a-boron is more stable than b-boron,
and vice versa.

TABLE II Total energy per atom of high symmetry and four
kinds of disorder modifications. wi is the number of the
modifications equivalent sites to the i-th disorder modification

Modifications wi Etot (Ry/atom)

a-boron 25.70649
b-boron 25.70382
The 1st disorder 1 25.70416
The 2nd disorder 2 25.70414
The 3rd disorder 2 25.70416
The 4th disorder 1 25.70412
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should be evaluated by the optimized structure
under p. The enthalpy is shown in Fig. 4. The upper
and lower lines are b- and a-boron. They increase
almost linearly with increasing temperature in a
range examined. If temperature rises, the gain in the
enthalpy of a-boron relative to b-boron is further
increased. Therefore, it is concluded that a-boron is
more stabilized at high pressures.

Pressure Dependence of the Lattice Structure

In this section, we consider pressure dependence of
details of the structure of b-boron, and it is compared
with a-boron and boron carbide. Pressure depen-
dence of crystal structures of a-boron and boron
carbide is reported in Refs. [11,12]. Change of the unit
cell is described in the “Introduction” section.
Further complications occur around icosahedra in
the unit cell. Figure 5(a) shows a pair of adjacent
icosahedra in those materials under normal con-
ditions. We characterize the shape of icosahedra by

the “length”, i.e. the size along the z-axis and by the
“width”, i.e. the size in the xy-plane. In this way, we
mimic the deformation of icosahedra by ellipsoids
approximately. Figure 5(b) shows the case of
a-boron, it is found that two spheres are deformed
to two flat ellipsoids. Figure 5(c) is the case of boron
carbide, it is found that two spheres are deformed to
two ellipsoids elongating along the z-axis. This
deformation about icosahedra is related to the
variation of the unit cell through a subtle way. This
thorough argument is described in Ref. [11].

We investigate the variation of icosahedra of
b-boron. There are two kinds of icosahedra in
b-boron, the first icosahedron is on the vertex of the
rhombohedral unit cell representing to the bottom
circle in Fig. 5, and the other is on the middle point
between two vertices represented by another sphere.
From the calculated results, it is found that the height
and width of the second type is shorten by 0.087 and
0.120% per GPa, respectively, and those the first type
is shorten by 0.175 and 0.141% per GPa, respectively.
Figure 5(d) shows this deformation of icosahedra.
From this figure, we can see that the deformation of
b-boron is a mixture of those of a-boron and boron
carbide.

SUMMARY

In this study, we discussed the stability of a- and
b- boron by employing first-principles calculations
based on the pseudopotential method. In the
electronic part of total energy, b-boron was more
stable than a-boron. It is concluded that a-boron is
more stable than b-boron by 26.5 mRy/atom at zero
temperature. This conclusion is not changed, even if
we take disorder phases into account.

To estimate the transformation temperature
between a- and b-boron, we calculate the Helmholtz
free energy contribution from the atomic disorder.
The transformation temperature of 200 K is obtained
by this estimation, This is too low in comparison
with the experimental value 1400 K. Further Effects
of finite temperature, such as phonons must be taken
into account, which study is now in progress.

Pressure dependence of the structure of b-boron is
studied. It is found that the deformation of b-boron is
a mixture of those types of a-boron and boron
carbide.
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FIGURE 4 Enthalpy of a-boron and b-boron up to 16 GPa. This is
calculated under the condition which is symmetry constraints.

FIGURE 5 Schematic view of the relaxation process for the
compression of a-boron (b), boron carbide (c) and b-boron (d). The
circle denotes the icosahedra under normal conditions (a).

A. MASAGO et al.938

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
2
8
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



References

[1] Eremets, M.I., Struzhkin, V.V., Mao, H. and Hemley, R.J.
(2001) “Superconductivity in boron”, Science 293, 272.

[2] Papaconstantopoulos, D.A. and Mehl, M.J. (2001) “First-
principles study of superconductivity in high-pressure
boron”, Phys. Rev. B 65, 172510.

[3] Zhao, J. and Lu, J.P. (2002) “Pressure-induced metallization in
solid boron”, Phys. Rev. B 66, 092101.

[4] Mailhiot, C., Grant, J.B. and McMahan, A.K. (1990) “High-
pressure metallic phases of boron”, Phys. Rev. B 42, 9033.

[5] Gunji, S. and Kamimura, H. (1996) “First-principles study on
metal-doped icosahedral B12 solids”, Phys. Rev. B 54, 13665.

[6] Matsuda, H., Nakayama, T., Kimura, K., Murakami, Y.,
Suematsu, H., Kobayashi, M. and Higashi, I. (1995)
“Structural and electronic properties of Li- and Cu-doped
b-rhombohedral boron constructed from icosahedral and
truncated icosahdral clusters”, Phys. Rev. B 52, 6102.

[7] Fujimori, M., Nakata, T., Nakayama, T., Nishibori, E., Kimura,
K., Takuta, M. and Sakata, M. (1999) “Peculiar covalent bonds
in a-rhombohedral boron”, Phys. Rev. Lett. 82, 4452.

[8] Decker, B.F. and Kasper, J.S. (1959) “The crystal structure of a
simple rhombohedral form of boron”, Acta Crystal. 12, 503.

[9] Hoard, J.L., Sullenger, D.B., Kennard, G.H.L. and Hughes,
R.E. (1970) “The structure analysis of b-rhombohedral
boron”, J. Solid State Chem. 1, 268.

[10] Callmer, B. (1977) “An accurate refinement of the b-rhombo-
hedral boron structure”, Acta Crystal. B 33, 1951.

[11] Shirai, K. (1997) “Elastic properties and the mechanical
stability of icosahedral boron crystals”, Phys. Rev. B 55, 12235.

[12] Shirai, K. and Yoshida, H.K. (2000) “Crystal stability of
boron carbide B12(CBC)”, Proc. 25th Int. Conf. Phys. Semicond.,
1673.

[13] Ma, Y., Prewitt, C.T., Zou, G., Mao, H. and Hemley, R.J. (2003)
“High-pressure high-temperature X-ray diffraction of
b-boron to 30 GPa”, Phys. Rev. B 67, 174116.

[14] Shirai, K. and Katayama-Yoshida, H. (1998) “The narrow
Raman linewidth of a librational mode of a-rhombohedral
boron and its anharmonic effects”, J. Phys. Soc. Jpn 67, 3801.

[15] Feynman, R.P. (1939) “Forces in molecules”, Phys. Rev. 56, 340.
[16] Nielsen, O.H. and Martin, R.M. (1985) “Quantum-mechanical

theory of stress and force”, Phys. Rev. B 32, 3780.
[17] Nielsen, O.H. and Martin, R.M. (1985) “Stresses in semi-

conductors: ab initio calculations on Si, Ge, and GaAs”, Phys.
Rev. B 32, 3792.

[18] Troullier, N. and Martins, J.L. (1991) “Efficient pseudopoten-
tials for plane–wave calculations”, Phys. Rev. B 43, 1993.

[19] Monkhorst, H.J. and Pack, J.D. (1976) “Special points for
Brillouin-zone integrations”, Phys. Rev. B 13, 5188.

[20] Sekitatsu, I., Suzuki, S. and Nakao, K. (2002) unpublished.
[21] Runow, P. (1972) “Study of the alpha to beta transformation in

boron”, J. Mater. Sci. 7, 499.
[22] Nelmes, R.J., Loveday, J.S., Allan, D.R., Besson, J.M., Hamel,

G., Grima, P. and Hull, S. (1993) “Neutron- and X-ray-
diffraction measurements of the bulk modulus of boron”,
Phys. Rev. B 47, 7668.

[23] Sanz, D.N., Loubeyre, P. and Mezouar, M. (2002) “Equation of
state and pressure induced amorphization of b-boron from
X-ray measurements up to 100 GPa”, Phys. Rev. Lett. 89,
245501.

PRESSURE DEPENDENCE OF SOLID BORON 939

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
2
8
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1


